The present study is devoted to the problem of onset of oscillatory instability in convective flow of an electrically conducting fluid under an externally imposed time-independent uniform magnetic field. Convection of a low-Prandtl-number fluid in a laterally heated two-dimensional horizontal cavity is considered. Fixed values of the aspect ratio ͑length/heightϭ4͒ and Prandtl number ͑Prϭ0.015͒, which are associated with the horizontal Bridgman crystal growth process and are commonly used for benchmarking purposes, are considered. The effect of a uniform magnetic field with different magnitudes and orientations on the stability of the two distinct branches ͑with a single-cell or a two-cell pattern͒ of the steady state flows is investigated. Stability diagrams showing the dependence of the critical Grashof number on the Hartmann number are presented. It is shown that a vertical magnetic field provides the strongest stabilization effect, and also that multiplicity of steady states is suppressed by the electromagnetic effect, so that at a certain field level only the single-cell flows remain stable. An analysis of the most dangerous flow perturbations shows that starting with a certain value of the Hartmann number, single-cell flows are destabilized inside thin Hartmann boundary layers. This can lead to destabilization of the flow with an increase of the field magnitude, as is seen from the stability diagrams obtained. Contrary to the expected monotonicity of the stabilization process with an increase of the field strength, the marginal stability curves show nonmonotonic behavior and may contain hysteresis loops.
I. INTRODUCTION
The externally imposed magnetic field is a widely used tool for control of melt flow in bulk crystal growth of semiconductors. One of the main purposes of the electromagnetic control is stabilization of the flow and suppression of the oscillatory instabilities arising at certain values of the control parameters. Such suppression was used in the pioneer experiments of Hurle, 1,2 and since then has been widely used in the processing of bulk semiconductor monocrystals 3 and other technological processes involving metal melting and solidification. There exist numerous studies devoted to numerical modeling of the electromagnetic stabilization of convective flows in several different configurations and at some fixed values of the governing parameters ͑see Refs. 3-13 and references therein͒. However, to the best of our knowledge, there are no numerical studies reporting a validated dependence of the critical Grashof number on the magnitude and orientation of the magnetic field over a relatively wide range of parameters. Such a dependence is obtained in the present study for a particular geometry of the flow region and for Prϭ0.015, where Pr is the Prandtl number. The model considered ͑convection in a horizontally elongated rectangular cavity͒ is usually associated with the horizontal Bridgman crystal growth process. An investigation of the electromagnetic stabilization of convection in a rather simple numerical model leads to several important qualitative conclusions, which will be valid also for more complicated configurations and therefore are relevant to the technological processes mentioned above. Thus, the electromagnetic force changes the flow pattern so that the convective circulation and the largest values of the temperature gradient are located in thin Hartmann layers which are boundary layers adjacent to the walls normal to the magnetic field. Consequently, the instability sets in inside the boundary layers where the convective flow is most intensive. It is shown that contrary to the expected monotonic increase of the critical Grashof number with the magnetic field strength, the corresponding marginal stability curves show nonmonotonic behavior and may contain hysteresis loops. In particular, we show that in spite of the strong damping of the flow a stronger magnetic field does not always provide better stabilization of a steady flow. It was quite unexpectedly found that the critical Grashof number can be almost halved as the field strength increases. This leads to the problem of determining the optimal stabilizing field magnitude, which has not hitherto been considered or formulated. Furthermore, we show that the electromagnetic effect suppresses the multiplicity of possible steady state flows 14 so that only single-cell flows remain stable under a sufficiently strong electromagnetic force.
Following the configuration of an experimental setup, 1 a widely used computational model represents convection of a low-Prandtl-number fluid in a laterally heated rectangular cavity. The whole system is subjected to an externally imposed constant and uniform magnetic field whose orientation and magnitude can be varied. The considered problem is shown schematically in Fig. 1 . Several experimental 4 -6 and numerical 4,7-11 studies considered the influence of the magnetic field on the damping of steady convection and heat transfer in a rectangular cavity. However, in spite of the numerous studies devoted to the oscillatory instability of lowPrandtl-number fluid convection in rectangular cavities, 14 -18 there is a marked shortage of numerical studies regarding the electromagnetic effect on the onset of instability. Most of the numerical studies 4, [7] [8] [9] [10] [11] deal with changes in steady state flow patterns. To the best of our knowledge, Gelfgat 19 made the only attempt to obtain a relationship between the critical Grashof number and the strength of the magnetic field by low-mode modeling. However, as is shown here, numerical models with poor spatial resolution, such as those with a small number of spectral modes or coarse grids, are incapable of resolving the Hartmann layers and therefore fail to yield the correct perturbation pattern.
In the present paper the effect of an externally imposed magnetic field on the stability of a steady convective flow is studied by linear stability analysis. The completed study yielded stability diagrams showing the dependence of the critical Grashof number ͑corresponding to the steadyoscillatory transition͒ and critical circular frequency of oscillations ͑frequency of the oscillatory flow at the critical value of Grashof number͒ on the Hartmann number for the considered problem. To simplify all additional effects and following our previous studies, 14 -17 a simple model of convection in a laterally heated cavity is considered. We use an aspect ͑length-to-height͒ ratio of 4 and Prϭ0.015, which correspond to the widely used benchmark problem. 18 A convergence study involving different values of the Hartmann number and different orientations of the magnetic field shows that accurate modeling of the electromagnetic effect requires better numerical resolution than the one that suffices for different cases of pure buoyancy convection. 14 -17 This contradicts the common expectation that electromagnetic damping of the convective flow makes numerical modeling easier. The results obtained lead to the already mentioned conclusions about the behavior of the multiple solutions, marginal stability curves, and the most dangerous perturbations patterns.
II. GOVERNING EQUATIONS
Convective flow of a Boussinesq fluid with kinematic viscosity , density , thermal diffusivity , and electrical conductivity in a two-dimensional cavity of length L and height H is considered. The problem is shown schematically in Fig. 1 . The vertical boundaries of the cavity have uniform temperatures hot and cold , respectively, while the horizontal boundaries are thermally insulated. The cavity is subjected to a uniform magnetic field BϭB x e x ϩB y e y ͑where B x and B y are space independent͒ of constant magnitude B 0 ϭͱB x 2 ϩB y 2 , and e x and e y are unit vectors for a Cartesian coordinate system. The orientation of the magnetic field forms an angle ␣ with the horizontal axis ͓tan(␣)ϭB y /B x ͔. The electric current J and the electromagnetic force F EM are defined by Jϭ͑Ϫ"ϩvÃB͒, ͑1a͒
where is the electric potential and vϭv x e x ϩv y e y is the fluid velocity. Here Eq. ͑1a͒ is Ohm's law and Eq. ͑1b͒ is the conservation of electric current. With electrically insulated boundaries in the present two-dimensional flow, the electric potential is constant and Jϭ͓vÃB͔, ͑2a͒
The flow is described by the momentum, continuity and energy equations in a Cartesian coordinate system. 
III. NUMERICAL METHOD AND TEST CALCULATIONS
Following our previous studies, 14 -17 we use the global Galerkin method for the calculation of steady flows, analysis of their stability and weakly nonlinear analysis of slightly supercritical flows. The velocity and temperature are approximated by the truncated series
where c i j (t) and d i j (t) are time-dependent coefficients to be found, and N x and N y the number of basis functions used for approximation in the x-and y-directions, respectively. Here u i j (x,y) and q i j (x,y) are vector and scalar basis functions, respectively, defined as linear superpositions of Chebyshev polynomials satisfying a priori the boundary conditions and the continuity equation. The subscripts i and j represent the order of the first polynomial in the linear superpositions in the x-and y-directions, respectively. All terms of Eqs. ͑3͒, ͑4͒ and ͑6͒ are evaluated as Galerkin projections on the bases ͑11͒. The corresponding inner products are evaluated analytically. The pressure is eliminated by projection of the pressure gradient on the divergence-free velocity basis. 14, 17 The stream function , defined by x ϭϪ‫ץ/ץ‬y, y ϭ‫ץ/ץ‬x, is calculated as the integral of the velocity series ͑11͒ and used for evaluation of the streamlines.
According to the linear stability approach, the calculated steady state flow is subjected to all possible infinitesimally small perturbations, characterized by a complex time growth rate ͑each unknown function being supposed to behave in time as ϳe t ͒ and a spatially distributed amplitude. This results in an eigenvalue problem where is considered as the eigenvalue and the perturbation amplitude as the eigenvector. The instability onset is associated with values of the governing parameters ͑called critical values͒ for which the real part of exceeds zero, and the imaginary part characterizes the time behavior of the instability. Namely, if Re͑͒ϭ0 and cr ϭIm(), then cr ϭ0 corresponds to a transition from one steady state to another, while cr 0 indicates a transition from a steady to an oscillatory state. In the latter case the value of cr represents the circular frequency of oscillation and is called the critical frequency. The eigenvector corresponding to the eigenvalue ϭi cr is called the most dangerous perturbation. In case of a supercritical Hopf bifurcation, a slightly supercritical oscillatory state can be approximated as ͕v͑x,y,t͒,͑x,y,t͖͒
where ͕v 0 , 0 ͖ is the steady flow at GrϭGr cr , ͕ṽ(x,y), (x,y)͖ the most dangerous perturbation, Gr cr the critical Grashof number; ⑀ the amplitude of the perturbation calculated as a function of the supercriticality (GrϪGr cr ͒/Gr cr via the weakly nonlinear analysis. 17 Note that the perturbation is a complex function and its absolute value, to within multiplication by a constant, coincides with the amplitude of flow oscillations corresponding to a slightly supercritical oscillatory state, as follows from Eq. ͑12͒.
14,17
The complete numerical process consists of ͑i͒ calculation of the steady state solution of Eqs. ͑3͒-͑9͒, ͑ii͒ calculation of the critical Grashof number Gr cr depending on all other governing parameters, and ͑iii͒ calculation of the dependence of the amplitude of the most dangerous perturbation on the supercriticality. 17 To validate the results we solve the full unsteady problem, using another solver formulated in primitive variables and based on second-order finite volume discretization in space and second-order three-time-level discretization in time. Time-stepping is done using the SIMPLE algorithm. A solution obtained by the Galerkin method was taken as an initial state.
A previous study 14 on the stability of convective flows without an electromagnetic effect for Aϭ4 and Prϭ0.015 showed that there are two distinct steady-state flow patterns. In that study Gelfgat et al. showed that among a steady flow with a single convective circulation, another steady-state branch with two main circulations appears when the Grashof number exceeds GrϷ1.20ϫ10 5 and remains stable up to GrϷ1.48ϫ10 6 . This phenomenon is demonstrated in Figs. 2͑a͒ and 3͑a͒ which show a single convective circulation for Gr cr ϭ1.32ϫ10 5 and two circulations for Gr cr ϭ1.48ϫ10 6 , respectively, the critical values for two solutions. The isotherms for the circulations in the above figures are presented in Figs. 2͑b͒ and 3͑b͒, respectively. The amplitudes of the most dangerous perturbation of the stream function and the temperature are presented in Figs. 2͑c͒, 2͑d͒, 3͑c͒, and 3͑d͒, respectively. As was mentioned above, the perturbations are defined to within multiplication by a constant; thus the magnitudes of the maximal absolute values have no meaning. The amplitude of the oscillating perturbations can be derived from the weakly nonlinear analysis of the Hopf bifurcation, 17 which is used here for an asymptotic approximation of slightly supercritical oscillatory flows.
For the considered problem of convection in rectangular cavities, convergence of the global Galerkin method was studied in detail.
14 -17 Here we focus mainly on the influence of the magnetic field on the convergence of computed critical parameters, and on the steady states calculated at the critical points for Aϭ4 and Prϭ0.015. To compare the convergence with and without a magnetic field, we report the results for Haϭ0, for Haϭ20 with ␣ϭ0°, and for Haϭ10 with ␣ϭ90°, in Tables I, II calculated at the hot wall for the critical value of the Grashof number, Gr cr .
As Table I shows, convergence for Haϭ0 is fast, such that four correct digits of Gr cr and cr are already obtainable with 50 and 20 basis functions in the x-and y-directions, respectively. At N x ϭ60 and N y ϭ30 six correct digits are obtainable. Convergence of the steady state is even faster, such that seven correct digits of the Nusselt number and six correct digits of max are obtainable already with 50ϫ20 basis functions.
The imposed magnetic field damps the flow, which leads to an increase of the critical Grashof number. A horizontal field with Haϭ20 increases the value of Gr cr by approximately a factor of 4, as shown in Table II . Damping of the steady-state flow is still weak, as is seen from the values of max and Nu, which are significantly higher ͑following the increase of Gr cr ͒ compared with the Haϭ0 case. This means that the electromagnetic force suppresses perturbations of the flow before significant electromagnetic damping of the steady state has taken place. Therefore, numerical modeling of stability requires an accurate calculation of the steady state together with the corresponding most dangerous perturbation. Table II shows that 60ϫ30 basis functions yield only four correct digits of both the critical parameters and the stream function, and five correct digits of the Nusselt number.
This slowdown of convergence of the critical parameters is even more pronounced for a vertical magnetic field, as is shown in Table III . Here, even a smaller value of the Hartmann number, Haϭ10, increases Gr cr by two orders of mag- Since a 60ϫ30 basis suffices for three or more correct digits in the critical parameters, we can accurately calculate the dependences Gr cr ͑Ha) and cr ͑Ha) for a horizontal magnetic field with Haр20 and a vertical magnetic field with Haр10. In view of the slowed convergence, the stability analysis cannot be extended to larger Hartmann numbers. However, recent experimental observations of convective flow in a cylindrical cell 21 showed that convective oscillations are already damped at the relatively low value of Ha ϭ10.
The reason for the convergence slowdown follows from the flow patterns of flow and the most dangerous perturbation. The critical steady state of the flow, under the horizontal magnetic field, and the corresponding most dangerous perturbation are shown in Fig. 4 . The horizontal field generates a vertical electromagnetic force which counteracts any vertical velocity. The strongest damping takes place near the vertical boundaries where the vertical velocity is highest ͑ac-cording to Ref. 18 , the maximal absolute values of the vertical velocity in the cross-section yϭ0.5 are located at x Ϸ0.15 and xϷ3.85͒. As a result, the main convective circulation deforms so that the most intensive flow is shifted towards the center and the horizontal boundaries, as shown in Fig. 4͑a͒. Figure 4͑b͒ indicates that heat convection is strong in the central region, while near the vertical boundaries the isotherms remain almost vertical. The perturbations of the stream function and the temperature, located in the core of the flow at Haϭ0 ͓Figs. 2͑c͒ and 2͑d͔͒, appear to be most intensive near the vertical boundaries, where the electromagnetic damping is strongest and the convective circulation is weakened. The slowed convergence of the critical parameters is reflected in the need for correct resolution of the perturbation pattern ͑containing sharp maxima near the vertical boundaries͒, while at the same time resolving accurately the steady-state flow at larger values of the Grashof number.
The effect of a vertical magnetic field is quite different as is shown in Fig. 5 . The vertical field generates a horizontal electromagnetic force F EM ϭϪHa 2 x e x , which counteracts the horizontal velocity. Since the cavity is elongated horizontally, for a single convective circulation the maximum horizontal velocity exceeds its vertical counterpart. Therefore, for a given Ha, the electromagnetic damping and stabilization will be stronger for a vertical magnetic field. Thus, for a horizontal field with Haϭ10 the critical Grashof number is smaller than the one with Haϭ20 ͑Table II͒, and accordingly significantly smaller than its counterpart for a vertical field with Haϭ10 ͑Table III͒. In the case illustrated in Fig. 5 , the horizontal velocity, counteracted by the opposing force, forms Hartmann boundary layers near the horizontal boundaries and, via the continuity, near the vertical boundaries as well ͑the depth of the Hartmann boundary layers decreases proportionally to Ha Ϫ1 as Ha increases͒. Ben Hadid et al. 8 showed that depth of the layers adjoining the boundaries parallel to the magnetic field ͑the vertical ones in the case considered͒ behaves as Ha
. The pattern of the convective circulation shown in Fig. 5͑a͒ is characterized by steep gradients of the stream function near the boundaries. The pattern in Fig. 5͑c͒ also shows a rapid increase of the stream function perturbation inside the boundary layers and several local maxima in the core flow. At the same time the temperature perturbation has two sharp maxima near the vertical boundaries ͓Fig. 5͑d͔͒. As in the previous case, the steep slowdown of the convergence is reflected in the need to resolve the boundary layers with regard to the velocity and its perturbation, as well as the sharp maxima of the temperature perturbation.
To sum up, it can be concluded that numerical modeling of the magnetic field effect necessitated resolution of the Hartmann layers, which in turn calls for higher numerical accuracy than a similar model without a magnetic field. Hence, the assumption that electromagnetic damping of convective flows would make computations easier is wrong. At the moderate Hartmann numbers considered, stabilization of the flow takes place without significant damping of the con -FIG. 4 . Single-cell flow under the horizontal magnetic field at the critical Grashof number. Haϭ20, ␣ϭ0°, Gr cr ϭ5.37ϫ10
6 ͓point F 4 in Fig. 6͑a͔͒ . All contours are equally spaced. ͑a͒ Streamlines, min ϭϪ1.919, max ϭ365.18; ͑b͒ isotherms, 0рр1; ͑c͒ amplitude of the most dangerous perturbation of the stream function; ͑d͒ amplitude of the most dangerous perturbation of the temperature.
FIG. 5.
Single-cell flow under the vertical magnetic field at the critical Grashof number. Haϭ10, ␣ϭ90°, Gr cr ϭ1.59ϫ10
7 . All contours are equally spaced. ͑a͒ Streamlines, min ϭϪ0.563, max ϭ546.91; ͑b͒ isotherms, 0рр1; ͑c͒ amplitude of the most dangerous perturbation of the stream function; ͑d͒ amplitude of the most dangerous perturbation of the temperature. vective circulation. This leads to the need for an accurate resolution of the convective flow at a relatively high Grashof number and of the corresponding most dangerous perturbation.
IV. RESULTS
With a magnetic field absent, at aspect ratio Aϭ4 and Prandtl number Prϭ0.015, stable steady-state flows comprise two branches 14 differing in the number ͑one or two͒ of main convective rolls, as illustrated in Figs. 2 and 3 . Following the methodology of our previous study, 14 we consider the effect of the magnetic field on each steady-state branch separately.
The Hartmann number considered does not exceed Ha ϭ20. For liquid metals and semiconductors, assuming the characteristic length 0.1 m, this corresponds to the magnetic field strength 0.1-0.2 T. As calculations for ␣ϭϪ30°and Ϫ60°showed that the behavior of the marginal stability curves, the patterns of the most dangerous perturbations and slightly supercritical flows are similar to those for positive values of ␣, we report results only for the latter. It should be noted, however, that the results for ␣ and Ϫ␣ do not coincide for 0°Ͻ␣Ͻ90°.
A. Single-cell flows
The dependence of the critical Grashof number and critical oscillation frequency on the Hartmann number ͑i.e., the magnitude of the magnetic field͒ and on the orientation of the field is shown in Fig. 6 . Several fixed orientations, namely ␣ϭ0°, 30°, 45°, 60°and 90°, were considered. The marginal stability curves Gr cr ͑Ha) are nonmonotonic and consist of several continuous branches corresponding to different modes of the most dangerous perturbations described by the distinct eigenvalues of the linear stability problem. 17 The dependence cr ͑Ha) consists of distinct continuous curves ͑the imaginary parts of the distinct eigenvalues͒, such that each curve matches a corresponding continuous branch of Gr cr ͑Ha). Overlapping of the cr ͑Ha) curves corresponds to the hysteresis loops of the Gr cr ͑Ha). The cases shown in Figs. 2, 4 and 7 are indicated by points F 2 , F 4 and F 7 , respectively, in Fig. 6͑a͒ with the subscript for the point representing the figure number. The cases shown in Figs. 5 and 8 correspond to Grashof numbers outside the range of Fig.  6͑a͒ .
It is seen in Fig. 6͑a͒ that at Haр20 there is a considerable difference in the stabilization of the flow ͑increase of Gr cr with Ha͒ for magnetic fields close to horizontal ͑␣ϭ0°͒ as against fields with a significant vertical component ͑␣у30°͒. Under the horizontal field ͑with the electromagnetic force counter directional to the vertical velocity͒ the critical Grashof number increases monotonically with the Hartmann number from Haϭ0 up to Haϭ12. In the interval 12рHaр17, Gr cr continue to increase steeply, exhibiting a hysteresis behavior. A further increase of Ha leads to a decrease of the critical Grashof number, due to the onset of instability in the boundary layers near the vertical boundaries. Calculations with larger Hartmann numbers ͑20рHa р40͒ showed that the critical Grashof number behaves similarly to the Gr͑Ha͒ curves for ␣у30°and reaches the value 3.6ϫ10 7 at Haϭ40 ͑not shown on the graph͒. However, as was emphasized above, convergence of the critical parameters for HaϾ20 is extremely slow and the accuracy of the last result is not certain.
For ␣у30°when the magnetic field has a nonzero vertical component, the marginal stability curves ͓Fig. 6͑a͔͒, and those of the critical frequency ͓Fig. 6͑b͔͒ become similar in shape. For a given Hartmann number the strongest stabilization effect is associated with the vertical magnetic field ͑␣ ϭ90°͒ except for the interval 6ϽHaϽ7 in which part of the hysteresis loop corresponding to ␣ϭ60°is located above its counterpart for ␣ϭ90°͓Fig. 6͑a͔͒. The similar behavior and the strongest impact of the vertical field, are apparently the consequence of interaction of the field with the horizontal velocity. As was already mentioned, the latter reaches larger values than its vertical counterpart, therefore the damping action of the vertical field component is stronger.
All marginal stability curves corresponding to ␣у30°s how a rapid increase of the critical Grashof number with rather deep hysteresis loops in certain intervals of the Hartmann number, located according to the orientation of the magnetic field. Inside these loops the critical Grashof number is almost halved with an increase of the Hartmann number. This means that moderate field magnitudes ͑i.e., at Haр10͒ make for better stabilization of the flow than the higher ones ͑larger Ha͒. It should also be noted that when the field orientation changes from vertical ͑␣ϭ90°͒ to horizontal ͑␣ϭ0°͒ the hysteretic behavior of the critical Grashof number is delayed for higher Ha values. Changes in the critical parameters are smaller at values of ␣ close to 90°and become larger below 30°.
Snapshots of the slightly supercritical oscillatory states are shown in Figs. 7 and 8. The oscillatory states were approximated asymptotically, using the weakly nonlinear exploration of the Hopf bifurcation, 17 a technique successfully applied to the study of slightly supercritical convective flows. 14, 16 The oscillatory flows shown in Figs. 7 and 8 correspond to the cases considered for the convergence study, namely Haϭ20 with ␣ϭ0°͑Table II and Figs. 4͒ and Haϭ10 with ␣ϭ90°͑Table III and Fig. 5͒ . In the case of the horizontal field of Fig. 7 the oscillations are most pronounced near the vertical boundaries, as it follows from the pattern of the most dangerous perturbation shown in Fig. 4 . In the case of the vertical field the streamlines remain almost unchanged throughout the period of oscillations shown in Fig. 8͑a͒ . However, there are strong oscillations of the horizontal velocity in the boundary layers located near the horizontal boundaries ͓without significant oscillations in the core region; see Fig. 8͑b͔͒ . Oscillations of the vertical velocity are most pronounced in the central region shown in Fig. 8͑c͒ , but their largest amplitude ͑without strong changes in the isolines͒ is located near the vertical boundaries.
B. Two-cell flows
The effect of the magnetic field on the two-cell flows differs from the single-cell case. The corresponding stability diagram is shown in Fig. 9 . Examples of flow and perturbation patterns are given in Figs. 10 and 11 , with an example of a supercritical oscillatory state in Fig. 12 . As in the preceding section, points F 3 , F 10 , F 11 and F 12 correspond to the cases illustrated in Fig. 3 and Figs. 10-12 .
In the two-cell flow case the maximal magnitudes of the horizontal and vertical velocities do not differ as much as in the case of single-cell flows. Accordingly, the effect of different orientation of the magnetic field is similar, as shown in Fig. 9 . For each orientation the two-cell flows are stable inside the corresponding marginal stability curve shown in Fig.  9͑a͒ . The upper continuous part of the curves corresponds to the transition from steady to oscillatory two-cell flow due to a supercritical Hopf bifurcation. With an increase of the Hartmann number, after the break on the marginal stability curves in Fig. 9͑a͒ , the Hopf bifurcation becomes subcritical. The steady-state flow and the bifurcation patterns characteristic of these two branches of the marginal stability curves are shown in Figs. 10 and 11 and correspond to points F 10 and F 11 in Fig. 9͑a͒ .
In case of the subcritical bifurcation, at lower values of Ha, the supercritical flow results in an asymptotically stable oscillatory two-cell pattern, while at higher values after several two-cell oscillations it transforms into a single-cell ͑steady or oscillatory͒ pattern. Such a transformation was observed when the complete unsteady problem, given by Eqs. ͑3͒ through ͑9͒, was solved ͑by the finite volume method͒ for Haϭ5, ␣ϭ90°, Grϭ3.55ϫ10 6 . This is just above the critical value Gr cr ϭ3.53ϫ10
6 on the right-hand branch of the corresponding marginal stability curve with ␣ϭ90°as indicated by point F 11 in Fig. 9͑a͒ . In this case the resulting single-cell flow retains its own oscillations. Note that according to the stability diagram of the single-cell flows shown in Fig. 6͑a͒ , the considered Grashof number is supercritical and the flow should indeed be oscillatory. Figure 9͑b͒ shows that with an increase of the Hartmann number the critical frequency rapidly tends to zero. At a certain value of Ha the marginal stability curves turn to the left and return to the axis Haϭ0, as is seen in Fig. 9͑a͒ . These lower parts of the curves correspond to the reverse transition from two-cell to single-cell flows, which takes place due to the saddle-node bifurcation. This transition was already described in our previous study.
14 Points on the neutral curves corresponding to the replacement of the Hopf bifurcation by the former are marked ϫ in Fig. 9͑a͒ .
The difference in the effect of the magnetic field on flows with one or two circulations is clearly seen from the patterns of the most dangerous perturbations shown in Figs. 10 and 11 ͑cf. the patterns shown in Figs. 4 and 5͒. The two-cell flows become unstable at relatively low Hartmann numbers, i.e., HaϽ12, such that the Hartmann boundary layers do not develop. At higher Hartmann numbers these flows are not observed. As is seen from the perturbation patterns shown in Figs. 10 and 11 , the onset of instability affects the central part of the flow between the main convective cells. Similar perturbation patterns were observed for multi-cell flows without the magnetic field ͑compare Figs. 3 and 10͒ . The resulting oscillations, approximated asymptotically via weakly nonlinear analysis, 17 are illustrated in Fig. 12 . The oscillations of two convective cells reach maximal amplitude at the center of the cavity and are similar to those observed without the magnetic field. 14 Since the two-cell patterns ͑steady as well as oscillatory͒ are not observed at high Hartmann numbers it can be summed up that under the action of a sufficiently strong electromagnetic force the cellular flow transforms into a single-cell one, for which a strong stabilization effect is observed.
V. CONCLUSIONS
The effect of an externally imposed uniform magnetic field differs according to the flow pattern of the convective flow considered. The single-cell flow can be effectively stabilized by such a magnetic field. For horizontally elongated cavities the strongest stabilization effect is provided by a vertical field. However, at the moderate field magnitudes considered ͑Haр20͒ the behavior of the marginal stability curves Gr cr ͑Ha) is nonmonotonic and involves rather deep hysteresis loops where the critical Grashof number decreases with an increase of the Hartmann number. Thus, the most unexpected conclusion of the present study is the possibility of considerable destabilization of the flow by an increasing magnetic field of moderate magnitude. This leads to the problem of optimal ͑from the stabilization viewpoint͒ mag- nitude of the field, which depends on the governing parameters of the problem. It is seen also that the perturbations are suppressed before a significant reduction of the basic state flow takes place. The effect of the magnetic field on two-cell flows is quite different. At small values of the Hartmann number the stabilization effect is not very strong. However, as the field magnitude increases these flows are destabilized and transform into single-cell ones, subject to their own stability properties. This indicates the possibility of using the magnetic field for control not only of the stability but also of the flow pattern-by suppression of the multiplicity of possible steady states. We expect a similar effect for multiple steadystate flows consisting of three and more convective cells, whose stability without the magnetic field was studied previously. 14 In the single-cell flows the electromagnetic damping leads to the development of the Hartmann boundary layers, as well as to boundary layers adjoining the walls parallel to the magnetic field. These layers, whose depth decreases proportionally to Ha Ϫ1 and Ha
Ϫ1/2
, respectively, should be accounted for in any numerical model used for such flows, as it is found that the oscillatory instability sets in inside them. A significant slowdown of the numerical convergence, reflecting the need to resolve the boundary layers, can be expected at large Hartmann numbers.
It should be emphasized that the model considered was simplified as much as possible with a view to investigating the main effects of the externally imposed magnetic field on the stability of a free convective flow. Further study will involve three-dimensional models with a nonuniform ͑and possibly alternating͒ magnetic field. However, it was already shown 14 that the critical parameters calculated for twodimensional cavities compare well with the experimental results in cases where the experimental box is sufficiently long in the third direction. The conclusions derived here on the basis of a two-dimensional model should be qualitatively the same for three-dimensional ones and for those involving more complicated flow regions.
